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ABSTRACT 
Let {Si} denote a set of polynomials orthogonal with respect to the Sobolev inner product 
(f;g) =;fWgWdyoW+l ;f’~x)gWdyl,W. 
(I (I 
where {dvo,dwl} is a coherent pair as introduced by Iserles et al. [7] and IrO. Let {K,,} and {H,,} 
denote sets of polynomials orthogonal with respect to dwo respectively dv,. If A is sufficiently 
large, then S,” has n different, real zeros interlacing with the zeros of K,, _, and with those of H,, _ ,. 
If {dU/o, dt,q} is a symmetrically coherent pair the situation is somewhat more complicated and S/ 
may have a pair of complex zeros. 
1. INTRODUCTION 
Recently several authors studied polynomials orthogonal with respect to a 
discrete Sobolev inner product of the form 
where A 2 0, c E IR (see [2], [8], [ 1 l] up to and including [17]). For an introduc- 
tion to the subject and a survey of the results see [l 11. Let {S,“} denote a set 
of polynomials (normalized in some way) orthogonal with respect o (1.1). We 
mention the following facts on the zeros of S,“. If c is outside [~,b] or on its 
boundary, then S,” has n different, real zeros, at most one of them is outside 
(a, b) at the side of c ([2], [ 131, [IS]); moreover the zeros of S,” with A > 0 in- 
terlace with the zeros of S,” with A=0 ([13], [16]). 
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If c is inside (a, b), then S,” has at least n - 2 different, real zeros in (a, b) ([2], 
[13]). In some situations with CE (a,b) S,” has still n different, real zeros in 
(a, b) for every A > 0 ([2]), but if n L 3 it is possible to choose a c E (a, b) such 
that Si for sufficiently large A has 2 complex zeros ([16]). 
Now we turn to a non-discrete Sobolev inner product of the form 
where I,V~ and I,V, are distribution functions on (a, 6) with infinitely many points 
of increase and ArO. Let {K,} denote a set of polynomials orthogonal with 
respect to dyl,, {H,} a set of polynomials orthogonal with respect to dt,v, and 
{Si} a set of polynomials orthogonal with respect to (1.2). Results on the 
zeros of Sj are only known for special choices of w. and I,V, from the papers 
of Althammer [3], Brenner [4], Cohen [6] and Schafke, Wolf [18]. 
Cohen studied the case dtyo(x) = dty, (x) = dx and proved that for A 2 2/n the 
n real zeros of S,” interlace with the zeros of the Legendre polynomial P,_I; 
the proof is rather complicated. 
In a recent paper Iserles, Koch, Norsett, Sanz-Serna [7] introduced the con- 
cept of coherent pair of measures. This enables us to derive more general results 
for the zero distribution of S,” and in particular to generalize in a simple way 
the result of Cohen. 
In section 2 we prove: let {dylo,dtyl} denote a coherent pair, nz 2, then for 
sufficiently large J., the polynomial S,” has n different, real zeros; these zeros 
interlace with the zeros of K, _ , and with those of H,_ ,. 
For the situation that dt,uo and dty, are symmetric (i.e. invariant under the 
transformation x--* -x) Iserles et al. introduced the concept of symmetrically 
coherent pair (see [7]). In section 3 we suppose that {dyo,dty,} is a symmetri- 
cally coherent pair. If n = 2m + 1 is odd, n 2 3, we can again prove that S,,, + 1 
for sufficiently large I has 2m + 1 different, real zeros; these zeros interlace with 
the zeros of Hzm. Moreover the m positive zeros of S,“,,, interlace with the 
m - 1 positive zeros of Kzm _ 1 (if I is sufficiently large). 
If n = 2m is even, n L 4, however, the situation is more complicated. We show 
that S,“, may have a pair of complex zeros t- i@ (Q E IR). Let yI < y2 < +** < y, I 
denote the positive zeros of H2m _ t. If A is sufficiently large, then each of 
the 2m - 2 intervals C-03, -ym _ ,I, (-ym - I, -ym - 21, .. . , (-~2, -yl), (vi, ~2)~ . . . , 
(ym_2,ym_J,(ym_t, 00) contains exactly one zero of Sz”,. 
The intervals (-y,, 0) and (0, y,), however, may have or may have not a zero 
of S&; the last mentioned case occurs when S&, has a pair of complex zeros. 
A similar result on the location of the zeros of Sim holds with the m - 1 posi- 
tive zeros of Him_ 1 replaced by the m - 1 positive zeros of K2,,,_2. 
2. COHERENT PAIRS 
Consider the inner product 
(2.1) (f,g) = ;f(x)g(x)dwo(x)+J :f’(x)g’(x)&G), 
0 (I 
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where (a, b) denotes a finite or infinite interval on the real axis, w. and J,V] are 
distribution functions on (a, b) with infinitely many points of increase such that 
polynomials are absolutely integrable with respect to them and I r 0. Put 
ai, j = <Xi, X’) 
and define 
S;(x) = 1, 
a0,0 a0.1 .a. a0, n 
al,0 al.1 .a. al,, 
S,“(x) = ; i 
%-I,0 an-f,1 ._ 4-b 
1 X . . . X” 
if nrl. 
Then {S:(x)} is a set of polynomials orthogonal with respect to the inner 
product (2.1). Observe that the leading coefficient of S,” is positive. For A = 0 
we write K,(x)=Si(x); then {K,,(x)} is orthogonal with respect to &J/~(X). Let 
{H,(x)} denote a set of orthogonal polynomials with respect to &Y,(X), nor- 
malized in some way. 
For n = 1 we have S:(x) = K,(x). For n 12 the polynomial S,” is a polynomial 
in A of degree (at most) n - 1. Define 
Q,(x) = ml $ S:(x) for n 2 2. 
For large A the zeros of S,” are determined by those of Q,,. We have 
a0,0 a0,l _ a,,, 
0 &,I .** h,n 
(2.2) Q,(x) = i i i if nr2, 
0 &-I,1 .a. b,-t,, 
1 x *** x” 
where 
a0,j = ~xj&(x), b, = ij ~xitj-2d~l(x). 
0 LI 
Observe that the leading coefficient of Q,, is positive. It follows from (2.2) 
(2.3) s” ~,wd~~w = 0, 
(I 
(2.4) ;Q;(~)x~d~,(x)=O, io(O,l,..., n-2). 
II 
Then (2.4) implies that there exists a constant A,#O, such that 
(2.5) A,QA(x> = Hn-l(x), nz2. 
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The last equation can be solved in a rather trivial way if we suppose that 
{d~,,,dy/,) is a coherent pair as defined by Iserles et al. [7]. The pair {dy/o,dy/,) 
is a coherent pair if and only if there exist non-zero constants C,, and D, such 
that 
(2.6) N,(X) = c,K;+,(x)-D,K;(X), nzl. 
Now suppose {dy/,,dy/,} to be a coherent pair. Then (2.5) and (2.3) imply 
(2.7) &Q,,(x) = Cn-IKn(x)-D,_lK,_,(x), nr2. 
THEOREM 1. Suppose that {dt,~~,d~,} is a coherent pair and nr2. If Iz is suf- 
ficiently large (depending on n), then S,” has n different, real zeros interlacing 
with the zeros of H,_, and interlacing with the zeros of K,_,; at most one of 
them is outside (a,b). 
PROOF. Let x, C X2 < -.- <x, denote the different zeros of Q, of odd multi- 
plicity in (a, b). 
Put h(x) = (x-xl) .‘. (x-x& then Q,,(x)h(x) does not change sign on (a, b). 
Hence 
; Q,MW)&o(x) f 0. 
If kl n - 2, then (2.7) implies 
% Q,(.W(Wy/oW = 0, 
a contradiction. Thus k~ n - 1. 
If k = n - 1, then obviously the last zero of Q, is also real and it cannot coin- 
cide with x1, . . . , x,, since these zeros have odd multiplicity. Then this zero is 
outside (a, b). 
Let Y~<_Yz< a-- < yn_ 1 denote the zeros of Hn_l. By (2.5) Q, is monotonic 
on the n intervals (-~o,yr),(yi,y~),...,(y~-2,yn-,),(yn-1,~). Then each of 
these n intervals contains at most one and therefore exactly one zero of Q,. 
Finally, let Z, < z2 < .a. c zn _ , denote the zeros of K,, _ , (x). Since the leading 
coefficients of Q, and K,, are positive the constants A, and C,_, in (2.7) have 
the same sign, thus 
sgn Qn(Zi) = sgn K,,(Zi), i = 1,2, . . . , n - 1. 
Since the zeros of K, interlace with those of K, _ 1, the same holds for the zeros 
of Q,,. Now the theorem follows. 
REMARK 1. In order to check if Q, has a zero outside (a, b), we only have to 
determine Q&) and Q,(b). 
EXAMPLES 
i) Let dy/,(x) =&Y,(X) =x”epXdx with a> -1. Then K,(x) and H,(x) are 
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the Laguerre polynomial L?)(x), apart from a multiplicative constant. We 
have (see Szego [19], p. 102) 
cw n L(“)(x) = -%~j,(x)+dp(X) 
dx dx" ’ 
and (2.6) implies that {dtyo, dty,} is a coherent pair. By theorem 1 S,“, n ~2, 
has for ,I sufficiently large n different, real zeros interlacing with the zeros of 
LIpl,(x). 
Relation (2.7) becomes 
(2.9) A,Q,(x) = -L~)(x)+L~?r(x) if nr2. 
With L(“)(O) = (‘+,) we obtain ” n 
(2.10) A, Q,(O) = -a T(n + o) 
n!I-(a+l)’ 
Recall that the leading coefficient of L:)(x) is (-l)“/n!. Then (2.9) and (2.10) 
imply: if -1 <a<O, then Q, has a zero in (-03,0), if cr>O all zeros of Q, are 
in (0,03). The same holds for S,” if 1 is sufficiently large (n 2 2). 
The case a = 0 has been treated by Brenner [4]. He proved that for (r = 0 and 
every A L 0 the polynomial S,” has n different, real zeros in (0, m). Now (2.10) 
implies that for (Y = 0 and A--) 03 the smallest zero of S,” tends to zero. 
Schafke and Wolf [18] generalized the work of Brenner a.o. From their 
results follows: for a?0 and every L LO the polynomial S,” has n different, 
real zeros in (0,~). 
For a>0 we can rewrite (2.9) as 
A, Q,(x) = -L?-‘)(x), if n 2 2, 
so the zeros of S,” converge to the zeros of L?-‘)(x) if I -+ 03. 
ii) Let dy/,(x) = (x”e-*)/(r(a+ l))dx+M&x-0), where cy> -1, Mr 0. 
The corresponding set of orthogonal polynomials {H,} has been studied by 
A.M. Krall [lo] for a=0 and by Koornwinder [9] for arbitrary a; see also 
Koekoek [8]. 
They found 
H,(x) = (l +M( ;‘;)I L?'(x)+M( y> $9'w. 
By using (2.8) this can be rewritten as 
H, (xl 
Let dt,q,(x) =xae-*dx, (a? -I), then (2.6) gives that {dtyo, dt,ul} is a coherent 
pair. 
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In this case (2.7) reads 
c 4, Q,(x) 
(2.11) 
[ =- (L +M( “;:;‘)I L?)(x)+ k +M( ;‘;)I L?,(X). 
Then the zeros of Q, interlace with those of Lf? I(x). 
Some calculations lead to 
4, Q,(O) = 
T(n + a) 
n!T(a+l) 
-a+M 
Since 
r(n + a + 1) 
(n-l)! -n 
a+1 if n-ta, 
we have A, Q,(O) > 0 if M# 0 and n sufficiently large. Since the leading coeffi- 
cient of A, Q,(x) in (2.11) has sign (-l)“+’ this implies that Q, has a negative 
zero if M#O and n sufficiently large. 
iii) For Jacobi polynomials we have the relation (see Abramowitz [1], p. 782, 
(22.7.19)) 
(2.12) (2n + (Y + p)P,“_iqx) 
= (n+cr+P+l)p~~l”BS’(X)+(n+a)p~~~,8+’(x), 
or, since 
-$Py(x) =~(n+a+P+l)P;y+l(x), 
(2n + a+P)Pnn_+l’qX) = 2 $P”u(x) + 
2(n+a) d 
- P,aLt: (x). 
n+a+P dx 
Hence, if dwO(x)=(l -~)~(l +x)8dx, dy/,(x)=(l -x)“l(l +xfdx, a>-1, 
fi> -1, then (dyo,dW,} is a coherent pair. 
Now (2.7) becomes 
(2.13) A,Q,(x) =(n+a+fi)PzB(x)+(n+a)Pf$(x), nr2. 
The zeros of Q, interlace with those of P:_< and those of Pf?,“p. 
If /3>0, by using (2.12), this can be simplified to 
Q,(x) = const P2p-1(x), 
and all zeros of Q, lie in (-1,l). If -1</3<0, it follows from (2.13) with 
p;q-1) = (-1)” ) 
n 
that 
A,, = t-1)” n~~B+~~) W a+P)P. 
Since the leading coefficient of P,*‘8(x) is positive, Q, has a zero in (-03, -1) 
if -1 <p<O. The same holds for S,” if I is sufficiently large. 
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3. SYMMETRICALLY COHERENT PAIRS 
In this section we assume that do,, and d~i(x) in the inner product (2.1) 
are symmetric (i.e. invariant under the transformation x-+ -x). We denote the 
interval by (-4 a) instead of (a, 6). Now K,, H,,, S,” and Q, are symmetric too. 
Observe that Q2(x) = const K2(x). 
Obviously {d~/o, dyl,} cannot be a coherent pair as defined in (2.6). For this 
situation Iserles et al. [7] introduced the notion of symmetrically coherent pair. 
The pair {dy/,,d~/i} is a symmetrically coherent pair if there exist non-zero 
constants C, and D, such that 
(3.1) H,(x) = C,K;+,(x)-D,K;_,(x), n12. 
We suppose in this section that {d~~,dy/,} is indeed a symmetrically coherent 
pair. Then the solution of (2.3) and (2.4) reads 
(3.2) &Q,(x) = Cn_1Kn(x)-D,_,K,_2(x), n13. 
LEMMA. Suppose {dt,q,, dy/,} is a symmetrically coherent pair and n L 3. Then 
Q, has at least n - 2 different, simple zeros in (-a, a). 
PROOF. We proceed as in the proof of theorem 1. 
Let x,<xZ<... <x, denote the different zeros of Q, of odd multiplicity in 
(--a,~). Put h(x) =(x-x,) ... (x-xk), then Q,(x)h(x) does not change sign on 
(--a, a). 
Hence 
On the other hand, if kin- 3, then (3.2) implies 
f Q,(x)W)%(x) 
--(I 
a contradiction. Thus k>n-2. 
If x=0 is one of the zeros xl, . . . . xk, then x = 0 cannot have multiplicity 3, 
since, by (2.5), A,, Q;(x) = H,_,(x) 
plicity 2. 
Suppose xi #0 has multiplicity 3. 
which contradicts kr n - 2. 
Hence Q,, has at least n - 2 zeros 
and H,,_ 1 cannot have a zero of multi- 
Then also -xi is a zero of multiplicity 3, 
of multiplicity 1 in (-~,a). 
THEOREM 2. Suppose that {dt,q,,d~/,) is a symmetrically coherent pair and 
that n=2m+l is odd, n23. 
i) If 1 is sufficiently large (depending on m), then S&,+r has 2m + 1 dif- 
ferent, real zeros interlacing with the zeros of Hz,,,. 
ii) Moreover the m positive zeros of S,“,,, interlace, for I sufficiently 
large (depending on m), with the m - 1 positive zeros of K2,,_ ,. 
iii) At most two zeros of Sz”, + 1 are outside (--a, a) if I is sufficiently large 
(depending on m). 
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PROOF 
i) Let ylcyz<.O. < y, denote the positive zeros of Hz,,,. By (2.5) Qzm + I
is monotonic on each of the 2m + 1 intervals 
11 = (-a? -Y,>,Z, = (-Ym, -Ym-11, ***,L+l = (-Y,,Ylh 
4n+* = (YbY2),...,Z2m = (Ym-1,Y,),Z*,+1 = (Y,,=J). 
Obviously S& + 1 and Qzm + 1 have a zero in 0 E Z, + , = (-y,, y,). In the other 2m 
intervals Qzm + , has at most one zero. 
Suppose that Q2,,,+i has no zero in some interval Zj with jl m + 2. We will 
show that then Qzm +, also has no zero in at least one of the intervals Zj_, or 
Ij+l* 
Suppose Qzrn + l is positive and decreasing on Zj. Then j# 2m + 1 and QZm + , 
is positive and increasing on Ij + , , which implies that Q2m + 1 has no zero in Zj+ 1. 
If Q2m+ 1 is positive and increasing on Zj, then Q2m + 1 is positive and de- 
creasing on Ij_,, and Zj_l cannot have a zero. (Note that in this case Zj_, can- 
not be (-y,,y,), which contains x=0 as a zero.) 
In the same way, if Q2m+l is negative on Zj, there has to be a succeeding or 
a preceding interval where Q2m+ 1 also has no zero. 
So if Q2m + 1 has no zero in some interval Zj on the positive axis, there have 
to be at least two intervals on the positive axis, where Q2m+l has no zero. 
Since Q2m+l is symmetric, there also have to be at least two intervals on the 
negative real axis, where Qzm+ 1has no zero. But then QZm+ 1 would have at 
most 2m - 3 zeros, which contradicts the lemma. Hence each of the 2m + 1 in- 
tervals Z;, i = 1,2, . . . , 2m + 1 contains exactly one zero of Q2m+ ,. Now the first 
assertion of the theorem follows. 
ii) For the proof of the second assertion we denote by zi < z2 < a** < zm _ 1 
the m - 1 positive zeros of K2,,_ ,. Since the leading coefficients of Q2m+ i(x) 
and Kzm+i (x) are positive, it follows from (3.2) 
sgnQ2m+i(zi)=sgnK2m+i(zi), i=l,2,...,m-1. 
In two consecutive positive zeros zi and zi+ 1 of Kz,,, _ 1 the polynomial Kz,,, + 1 
has opposite sign, so every interval (zi, zi+ i), i = 1,2, . . . , m - 2 contains at least 
one zero of Q2*+,. 
Moreover sgn K2m + i(z, _ i) = -1, so Qlm+, has at least one zero in (z, _ ,, 00). 
Now we have found the position of m - 1 positive zeros of Qzm + i. Obviously 
Q Zm+ 1 has m positive zeros. 
Since Q2m + 1 changes sign in (zi, zi+ i), i = 1,2, . . . , m - 2, each of these inter- 
vals has an odd number of zeros. Also (z,_ i, 00) has an odd number of zeros 
of Q2m+l. This implies that Q2m+l should have a positive zero in (O,z,), and 
the second assertion of theorem 2 follows. 
iii) The last assertion of the theorem is a direct consequence of the lemma. 
THEOREM 3. Suppose that {d~~,d~i} is a symmetrically coherent pair and 
that n = 2m is even, n24. 
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i) Let Y,<Y2< ... < Ym _ 1 denote the positive zeros of ZZzm _ ,. If 1 is suffi- 
ciently large (depending on m), then Sjm has exactly one zero in each of the 
m-l intervals (Y1,Y2),...,(Ym-2,Ym-1),(Y,,_,,~) and at most one zero in 
(0, y,); 
ii) Let z1<z2< ... < z, _ 1 denote the positive zeros of Kzrn _ 2. If 1 is suffi- 
ciently large (depending on m), then Sz”, has exactly one zero in each of the 
m-1intervals(z,,~2),...r(~m_~,~,_,),(~m-l,~)andatmostonezeroin(O,z,); 
iii) If A is sufficiently large (depending on m), then Sim has at least m - 1 
positive zeros in (0,a). 
PROOF 
i) By (2.5) Qzrn is monotonic on each of the 2m intervals Zi = (-03, -y,,_ ,), 
12 = (-Ym-I,-Ye219 . . ..&I = (-Y*,O),4n+, = (QYl), . . ..z2m-I = (Ym-2,Ym-I), 
Z,, = ( ym _ i, CQ), so each interval Z,, i = 1,2, . . . ,2m, contains at most one zero 
of Qzm. 
Suppose that QZm has no zero in some interval Zj with jr m + 2. As in the 
proof of theorem 2 we can conclude that Q2m also has no zero in the preceding 
interval Zj_ 1 or in the succeeding interval Zj+, on the positive axis. 
Since Q2,n is symmetric, this would imply that there are at least 4 intervals 
from the set Z;, i= 1,2, . . . , 2m, which do not have a zero. This contradicts the 
lemma and the first assertion of the theorem follows. 
ii) Recall that the leading coefficients of Q2m and K2,,, are positive. Then, 
by (3.2) 
sgn Qdzi) = w &,Az~)~ i=l,2 ,..., m-l. 
Since K,, has opposite sign in two consecutive zeros zi and z;,, of K2m_2, 
every interval (z;, zi+ i), i = 1,2, . . . , m - 2 contains at least one zero of Qzm. 
Furthermore sgn K2,(z,,_ ,) = -1, so Q2m also has a zero in (z,_ ,, m). All 
m - 1 intervals (z,, z2), . . . , (z, _ 2, zm _ 1), (z, _ 1, m) should have an odd number 
of zeros, so they have exactly one zero of Qzm. Then, if Qzm has m positive 
zeros, there is a zero in (0,~~). 
Now the second assertion of theorem 2 follows. 
iii) This is a direct consequence of the lemma. 
REMARK 2. If we suppose that Q2m has no zeros in the consecutive intervals 
(-yi, 0), (0, yi), then we cannot derive a contradiction with the lemma. Indeed 
we will see in an example below that Q2m may have a pair of complex zeros 
f ie (Q E IR). It is also possible that Q2m has a zero of multiplicity 2 in x=0, 
as we will show in an example below. 
REMARK 3. If Q2,,, has 2 complex zeros and 2m-2 different real zeros, then 
theorem 3 iii) implies that all real zeros are in (-a, a). 
If Q2,,, has 2m different real zeros, then at most one pair of zeros may be 
outside (--a, a). In order to check if Q2, has zeros outside (-a, a) we only have 
to calculate Q2,&7). 
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REMARK 4. Recall that the leading coefficient of Qzm is positive. Then, if 
Qsm has m different positive zeros, we have sgn Qzm(0) = (-l)m. If, on the 
other hand, Qzm has m - 1 different positive zeros and a pair of complex zeros, 
then sgn Q&O) =(-l)“-‘. So in order to determine if Qzm has complex zeros, 
we only have to calculate Q2,J0). 
REMARK 5. By (3.2) we have 
(3.3) &Q2&) = C~,-,K~,(X)-D~,-,K,,-~(X), mr2. 
Here Q2,,,, K2,,, and K2m_2 have positive leading coefficients. Without loss of 
generality we may assume A,, > 0, C2, _ i > 0. 
Suppose that also D2m_1 >O. Since sgn K,,(O) = (-l)m, sgn K,,_,(O) = (-l)m-l 
we conclude sgn Qzm(0) = (-l)m and by remark 4 Q2m has m different positive 
zeros. Hence complex zeros can only occur if in (3.3) DZm_,<O. 
EXAMPLES 
i) Let dyl,(x)=d~,(x)=(l -x~)~-* with hu>--+. 
Then K,(x) and N,(x) are the Gegenbauer polynomial Pi(x) apart from a 
multiplicative constant. 
The case p = 0 will be treated separately. 
For ,D#O we have (see Szego [19], p. 83) 
(3.4) 2(n+p)PtY(x) =2P,“+,(x)--$Pf_*(x) 
and (3.1) gives that {dye, dy/,} is a symmetrically coherent pair. Relation (3.2) 
becomes 
(3.5) &Q,(x) =P[(x)-P/_2(x), nr3. 
The leading coefficient of P/(x) is 2”(P(n +p))/(n! P(p)). 
Using remark 5 we see that Q, has n different, real zeros. Then it follows 
from the first parts of theorem 2 and theorem 3 that the zeros of S,” (A suffi- 
ciently large) interlace with those of W,,_, = P,"_,. Moreover, the second parts 
of the theorems imply that the positive zeros of S,” (A sufficiently large) inter- 
lace with the positive zeros of K,, _ 2 = P[_,. 
With 
P!(l) = (n+Y-1) 
we obtain 
(3.6) 
z-(n+2/.J--2) 
n!P(2p) * 
Then if p <+, p #0, Q, has a symmetric pair of zeros outside (-l,l). If ,uu>+ 
all zeros of Q, lie in (-l,l). The same assertions hold for S,” if J. is sufficiently 
large. 
The case p = +, the Legendre case, has been treated by Althammer [3] and 
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Cohen [6]. Althammer proved that for every A 2 0 the polynomial S,” has n dif- 
ferent, real zeros in (-1,l). Cohen proved that for Ar2/n the zeros of Sj in- 
terlace with those those of P,_l. Remark that (3.6) implies that for p = + the 
largest zero of S,” converges to x= 1 if A -+ 00. 
Schafke and Wolf [ 181 considered a more general inner product. Their results 
include: for fir+ and every A 10 the polynomial S,” has n different, real zeros 
in (-1,l). 
For p>+ it follows from (3.5) that 
A, Q,(x) = const P/-‘(x), n L 3, 
so the zeros of S,” converge to those of P/-’ if I -+ 03. 
For fi = 0 the Tschebycheff polynomials satisfy 
d 
2T,(x) = Z 
T7+1@4 T,-,(x) 
___-~ 
n+l 
Then 
T,(x) %2(x) 
&Q,(x) = --~ n23. 
n n-2 ’ 
The leading coefficient of T,(x) is 2”-’ and T,(l) = 1. Now 
-2 
A, Q,(l) = ~ 
n(n - 2) ’ 
and Q, has a pair of zeros outside (-1,l). 
ii) Let d~,(x)=(T(2~+1))/(22~1r2(~++3))(1-x2)~-t+M~(x-l)+M~(x+1), 
where F(>-8, p#O, MzO. 
The corresponding set of orthogonal polynomials {Z-Z,} has been studied by 
A.M. Krall [lo] and Koornwinder [9]. We have 
H,(x) = c~xgP:(x)+d,P~(x), 
where 
c, = _2M(2P+u-l 
I ’ 
d, = 1 +2M(2~+2),-le 
n. (n-l)! 
Using (see Szego [19], p. 83) 
x$4(x) = nP/(x)+$P/_,(x) 
and (3.4) we obtain 
2(n+fi)H,(x) = (nc,+d,)~P~+,(x)-(d,-nc,-2pcJ-$P~-l(x). 
With &V,(X) = (1 -x~)~(-+ the pair {dt,~,,,d~~} is a symmetrically coherent pair. 
We obtain 
A,+lQ,+,(x)=C,P~+,(x)-~,P~-,(x), nz2, 
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with 
c, = 1+&2p+2)-2, 
(n - 2)! 
D,= l+2M(2p+2),. 
n! 
By remark 5 Q, has n different, real zeros. 
The second assertions of theorem 2 and theorem 3 give that the positive zeros 
of S,” (A sufficiently large) interlace with the positive zeros of Pf_,. 
Some calculation gives 
&+,Qn+,U) = 
4(n+p)T(n+2p--1) T(n+2p+l) 
(n + l)! r(2,~) 
+2M 
I r(2p+2)(n-l)! 
Then, if Mf 0 and n sufficiently pair of zeros outside (-1,l). 
iii) Finally give an example where complex occur. 
The Tschebycheff polynomials of the second kind 
U,(x) =2x(1,_,(x)- Un_2(x), n22. 
then 0, is manic 
&(x> =x&-,(x)-t U,_,(x), nZ2, 
= 1, (x) = 
Define the of polynomials by 
He(x) 1, H*(x) = x, 
(3.7) H,(x) = ~~(x)+&~_~(x), nr2, 
r is a constant with 
easy to check that satisfies 
Hz(X) = X&(X) - 
Hn(X) =XW,_r(X)-iH+l(x) if nz3. 
Then there exists a distribution function dy/, such that {H,} is orthogonal with 
respect to dy/, (see Chihara [5], p. 21 and 58). In fact 
dly,(x) = (l;(--;)+, with p(x)=(l-4~)~+16rx~, 
and {H,,} is a set of Bernstein polynomials (see Szego [19], p. 31 (2.63)). 
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Relation (3.7) can be rewritten as 
2-” d 
H,(x) = - - T.,,(x)+rS $ T,_,(x). 
n+l dx 
With dtyo(x) = (1 - x2)-+dx the pair {dtyo, dty,) is a symmetrically coherent pair. 
Now 
4+,Qn+10=-& 
4t 
G+,(x)+- n-1 
Tn-l(X), n22. 
The leading coefficient of T, + 1 is positive, thus A, + I> 0. 
Since T2m(0)=(-l)m we obtain 
1 4r 
A2m Q2m(O) = (-1) 
m 
--~ 
2m I 2m-2 ’ 
mz2. 
If 45~1 -l/m we obtain sgn Q2m(0)=(-l)m-r and, using remark 4, we con- 
clude that Qzm has complex zeros. Remark that for 4t= 1 - l/m the polynomial 
Q2, has a double zero in x= 0. 
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